Whereas the Gerlits-Nagy γ property is strictly weaker than the Galvin-Miller strong γ property, the corresponding strong notions for the Menger, Hurewicz, Rothberger, Gerlits-Nagy ( * ), Arkhangel'skiǐ and Sakai properties are equivalent to the original ones. We give new game theoretic characterizations for most of these properties, and answer a question of Iliadis.
Conventions and summary
Let X be a topological space. Throughout this paper, by open cover we mean a collection U of open subsets of X such that ∪U = X and X ∈ U. An open cover U of X is an ω-cover of X if each finite subset of X is contained in some member of the cover. U is a γ-cover of X if each element of X belongs to all but finitely many members of U.
In the celebrated paper [6] , Gerlits and Nagy introduce the notion of an ǫ-space. X is an ǫ-space if each ω-cover of X contains a countable ω-cover. They prove that X is an ǫ-space if, and only if, all finite powers of X are Lindelöf. In particular, all sets of real numbers are ǫ-spaces.
Another special kind of cover we will be concerned with is the finite counterpart of an ω-cover, that is, an n-cover. A cover U of X is an n-cover of X if each subset F of X of cardinality at most n is contained in some member of U. It is easy to verify the following. Lemma 1.1. Assume that U is a cover of X. U is an n-cover of X if, and only if, {U n : U ∈ U} is a cover of X n .
Consequently, any n-cover of an ǫ-space contains a countable n-cover of that space. In light of these facts, we will confine our attention to countable open covers. This means that for some of the results, one may need to assume that the space X in question is an ǫ-space in order to obtain the analogue results for general open covers.
Thus, unless otherwise indicated, by open cover we mean a countable collection of open subsets of X such that X ∈ U and ∪U = X.
The paper is organized as follows. In Sections 2-4 we show that the strong versions (under an interpretation motivated by that of a strong γ-set) of most properties which appear in the literature of selection principles are equivalent to the original properties. Some parts of these sections are introductory in nature and are aimed mainly for readers unfamiliar with the notions in question. In Section 5 we give new game theoretic characterizations of most of the considered properties, which are motivated by the results in the earlier sections. In Section 6 we answer most instances of a related question of Iliadis, and in Section 7 we discuss briefly further applications of the methods developed in this paper.
γ-sets and strong γ-sets
According to Gerlits and Nagy [6] , a topological space X is a γ-set if each ω-cover of X contains a γ-cover of X. Gerlits and Nagy consider the following seemingly stronger property:
For each sequence {U n } n∈N of ω-covers of X there is a sequence {U n } n∈N such that for each n U n ∈ U n , and {U n } n∈N is a γ-cover of X.
Using Scheepers' notation [16] , this property is a particular instance of the following selection hypothesis (where U and V are any collections of covers of X): S 1 (U, V): For each sequence {U n } n∈N of members of U, there is a sequence {U n } n∈N such that for each n U n ∈ U n , and {U n } n∈N ∈ V.
Let Ω and Γ denote the collections of open ω-covers and γ-covers of X, respectively. Then the property considered by Gerlits and Nagy is S 1 (Ω, Γ), who proved that X is a γ-set if, and only if, X satisfies S 1 (Ω, Γ) [6] . This result motivates the following definition. According to Galvin and Miller [5] , a space X is a strong γ-set if there exists an increasing sequence {k n } n∈N such that for each sequence {U n } n∈N of open k n -covers of X there is a sequence U n such that for each n U n ∈ U n and {U n } n∈N is a γ-cover of X.
Clearly every strong γ-set is a γ-set; however the properties are not provably equivalent (e.g., in [4] it is shown that assuming CH, there exists an uncountable γ-set X such that no uncountable subset of X is a strong γ-set).
As in the case of γ-sets, it will be convenient to introduce the following general notation. Definition 2.1. Assume that {U n } n∈N is a sequence of collections of covers of a space X, and that V is a collection of covers of X. Define the following selection hypothesis.
For each n denote by O n the collection of all open n-covers of a space X. Then X is a strong γ-set if, and only if, there exists an increasing sequence {k n } n∈N such that X satisfies S 1 ({O kn } n∈N , Γ). The first quantifier in this definition can be eliminated.
Theorem 2.2. For a space X, the following are equivalent:
1. X is a strong γ-set, 2. X satisfies S 1 ({O n } n∈N , Γ); and 3. For all increasing sequences {k n } n∈N , X satisfies S 1 ({O kn } n∈N , Γ).
Proof. It is obvious that 2 ⇒ 3 ⇒ 1 (for 2 ⇒ 3, observe that a k n -cover is in particular an n-cover if k n is increasing). We will show that 1 ⇒ 2. Assume that {k n } n∈N is an increasing sequence such that X satisfies S 1 ({O kn } n∈N , Γ) and let {U n } n∈N be such that for each n U n ∈ O n .
Then U ∧V is an open min{k 1 , k 2 }-cover of X refining U and V. (Moreover, the operation ∧ is associative.)
For each m let n = min{i : m ≤ k i }, and set
For each m, let n = min{i : m ≤ k i }. As V m refines U k for all k where k n ≤ k < k n+1 , we can choose for each such k an element U k ∈ U k such that V kn ⊆ U k . For 0 ≤ k < k 0 choose any U k ∈ U k (this is a finite set so we need not worry about it). Then {U n } n∈N is a γ-cover of X and for each n, U n ∈ U n .
We now consider the following general selection hypotheses, the first due to Scheepers and the second being a "strong" version of the first. Definition 2.4. S f in (U, V): For each sequence {U n } n∈N of members of U, there is a sequence {F n } n∈N such that each F n is a finite (possibly empty) subset of U n , and n∈N F n ∈ V. S f in ({U n } n∈N , V): For each sequence {U n } n∈N where for each n U n ∈ U n , there is a sequence {F n } n∈N such that each F n is a finite (possibly empty) subset of U n , and n∈N F n ∈ V.
In [9] it is proved that
The following characterization of the γ property answers this question.
As γ-sets need not be strong γ-sets, the properties S 1 ({O n } n∈N , Γ) and S f in ({O n } n∈N , Γ) are not provably equivalent.
The characterization in Theorem 2.5 can be proved in a more general setting. Proof. It is enough to show that S f in (Ω, V) implies S f in ({O n } n∈N , V). Assume that {U n } n∈N is a sequence of open n-covers of X. Let {A n } n∈N be a partition of N into infinitely many infinite sets. For each n define V n = m∈An U m . Then each V n is an ω-cover of X. Apply S f in (Ω, V) to extract finite subsets F n ⊆ V n , n ∈ N, such that V = n∈N F n ∈ V. For each n and each m ∈ A n , defineF m = F n ∩ U m . Then for each ñ F n is a finite subset of U n , and n∈NF n = V ∈ V.
Other strong properties
As mentioned in the previous section, the strong γ property S 1 ({O n } n∈N , Γ) is not provably equivalent to the usual γ property S 1 (Ω, Γ). However, for metric spaces it is consistent that these properties are equivalent: Borel's conjecture, which was proved consistent by Laver, asserts that all strong measure zero sets of reals are countable. Carlson proved that Borel's conjecture implies the same assertion for general metric spaces (see [3] ). But it is well-known (and easy to see) that γ-sets have strong measure zero.
Many other properties which where studied in the literature are equivalent to properties of the form S 1 (Ω, V) or S f in (Ω, V) for suitably chosen V [19] . We will show that for all of these properties, the stronger versions are not only consistently equivalent to the original properties, but in fact are provably equivalent to them.
We first show that as in Theorem 2.2, we do not get anything new if we consider properties of the form S 1 ({O kn } n∈N , V) and S f in ({O kn } n∈N , V) for general increasing sequences k n . In the case of S f in this is an immediate corollary of Theorem 2.6. In the case of S 1 we need some assumptions on V. 
The collections O, O n (for each n), and Ω are both finitely and countably thick. Γ is finitely thick but not necessarily countably thick, and Λ, the collection of all large covers of X, is countably thick but not necessarily finitely thick.
We have the following generalization of Theorem 2.2.
Theorem 3.2. Assume that V is a finitely or countably thick collection of open covers of X. Then the following are equivalent:
1. There exists an increasing sequence {k n } n∈N such that X satisfies S 1 ({O kn } n∈N , V), 2. X satisfies S 1 ({O n } n∈N , V); and 3. For all increasing sequences {k n } n∈N , X satisfies S 1 ({O kn } n∈N , V).
Proof. The case where V is finitely thick is proved exactly as in Theorem 2.2. The case where V is countably thick follows from Theorem 3.3.
The fact the Γ is not countably thick is related in a straightforward manner to the fact that γ-sets need not be strong γ-sets.
Proof. We should verify that the argument in the proof of Theorem 2.6 works in our case as well.
Let {U n } n∈N , {A n } n∈N , and V n be as in the proof of Theorem 2.6. Apply S 1 (Ω, V) to extract elements V n ∈ V n , n ∈ N, such that {V n } n∈N ∈ V. For each n and each m ∈ A n choose U m = V n if V n ∈ U m , otherwise choose any U m ∈ U m . We have enlarged {V n } n∈N by at most countably many open sets. As V is countably thick, we have that
We now describe some applications of these results.
3.1. The Rothberger and Menger properties. Using our notation, Rothberger's property C ′′ [14] is the property S 1 (O, O). In [16] it is proved that
. Another way to obtain this result is to use Theorem 3.3, as O is countably thick.
Menger's basis property (introduced in [11] ), was proved by Hurewicz [7] to be equivalent to the property S f in (O, O). In [16] 
The Rothberger and Menger properties S 1 (Ω, O) and S f in (Ω, O) are not provably equivalent, as is witnessed by the canonical Cantor Set of reals [9] . Thus, the properties
are not provably equivalent.
The Arkhangel'skiǐ and Sakai properties.
A space X has the Arkhangel'skiǐ property [1] if all finite powers of X have the Menger property S f in (O, O). In [9] it is proved that this is equivalent to satisfying S f in (Ω, Ω). By Theorem 2.6, we have that S f in (Ω, Ω) = S f in ({O n } n∈N , Ω).
A space X has the Sakai property if all finite powers of X satisfy Rothberger's property C ′′ . Sakai [15] proved that this property is equivalent to S 1 (Ω, Ω). As Ω is countably thick, we have by Theorem 3.3 that S 1 (Ω, Ω) = S 1 ({O n } n∈N , Ω).
As in the case of Menger and Rothberger, the canonical Cantor set witnesses that the Arkhangel'skiǐ and Sakai properties S f in (Ω, Ω) and S 1 (Ω, Ω) are not provably equivalent [9] . Thus, the properties S 1 ({O n } n∈N , Ω) and S f in ({O n } n∈N , Ω) are not provably equivalent.
3.3. The Hurewicz, Gerlits-Nagy ( * ), and related properties. X satisfies the Hurewicz property (defined in [8] ) if for each sequence {U n } n∈N of open covers of X there exist finite subsets F n ⊆ U n , n ∈ N, such that X ⊆ n m>n ∪F n (if X ∈ {∪F n } n∈N then this means that {∪F n } n∈N is a γ-cover of X).
In [10] it is proved that the Hurewicz property is equivalent to the property S f in (Ω, Λ gp ), where Λ gp is the collection of all large groupable covers of X. A large cover U of X is groupable if there exists a partition P of U into finite sets such that for all x ∈ X and all but finitely many F ∈ P, x ∈ ∪F (for V = {∪F : F ∈ P}, if X ∈ V then V is a γ-cover of X.) By Theorem 2.6, we have that X has the Hurewicz property if, and only if, it satisfies S f in ({O n } n∈N , Λ gp ).
In [6] , Gerlits and Nagy introduced a property called ( * ). In [12] it is proved that ( * ) is equivalent to having the Hurewicz as well as Rothberger properties. In [10] it is proved that this is equivalent to S 1 (Ω, Λ gp ).
Proof. Assume that U is a groupable cover of X, and let P be a partition of U witnessing this. Let V be a countable family of open sets. By shifting to V \ U we may assume that U and V are disjoint. As U is infinite, P is infinite as well; choose an injection f : V → P. Theñ
is a partition of U ∪ V witnessing that this new cover is groupable.
Thus a space has the Gerlits-Nagy ( * ) property if, and only if, it satisfies S 1 ({O n } n∈N , Λ gp ). As the property ( * ) is not provably equivalent to the Hurewicz property (this too is witnessed by the Cantor set [9] , as ( * ) implies Rothberger's property [6] ), we have that
Now consider the collection Ω gp of open ω-covers U of X such that there exists a partition P of U into finite sets such that for each finite F ⊆ X and all but finitely many F ∈ P, there exists U ∈ F such that F ⊆ U. In [10] it is shown that X satisfies S f in (Ω, Ω gp ) if, and only if, all finite powers of X have the Hurewicz property. By Theorem 2.6, this property is equivalent to S f in ({O n } n∈N , Ω gp ). The following observation is what we need to get the analogue result for the stronger property S 1 (Ω, Ω gp ). Proof. The proof for this is similar to that of Lemma 3.4.
Here too, as all finite powers of the Cantor set C are compact, we have that C satisfies S f in (Ω, Ω gp ) but not S 1 (Ω, Ω gp ) (which implies Rothberger's property). Thus,
A property between Hurewicz and Menger.
In [16] a property called U f in (Γ, Ω) is considered, which is intermediate between the Hurewicz and Menger properties. In [9] it is proved that this property is not provably equivalent either the Hurewicz or Menger properties.
According to [2] , a large open cover U of X is weakly groupable if there exists a partition P of U into finite sets such that for each finite F ⊆ X there exists F ∈ P such that F ⊆ ∪F . Let Λ wgp denote the collection of large weakly groupable covers of X. It is proved there that Proof. Assume that U is a large weakly groupable cover of X, and let P be a partition of U witnessing this. Let V be a countable family of open sets -we may assume that U and V are disjoint. LetP be any partition of V into finite sets. Then P ∪P is a partition of U ∪ V witnessing that this new cover is (large and) weakly groupable.
Here again, Cantor's set witnesses that the properties S 1 ({O n } n∈N , Λ wgp ) and S f in ({O n } n∈N , Λ wgp ) are not provably equivalent.
τ -covers
An open cover U of X is a τ -cover of X if it is a large cover, and for each x, y ∈ X, one of the sets {U ∈ U : x ∈ U and y ∈ U} or {U ∈ U : y ∈ U and x ∈ U} is finite. The notion of τ -covers was introduced in [21] , and incorporated into the framework of selection principles in [22] .
Let T denote the collection of open τ -covers of X. Then Γ ⊆ T ⊆ Ω, therefore S 1 (Ω, Γ) implies S 1 (Ω, T), which implies S f in (Ω, T). It is not known whether any two of these properties are equivalent.
By Theorem 2.6, we have that S f in ({O n } n∈N , T) = S f in (Ω, T). We have only a guess for the situation in the remaining case.
Observe that, as S 1 (Ω, T) implies Rothberger's property S 1 (O, O), we have by the consistency of Borel's conjecture that the word "consistent" cannot be replaced by "provable" in Conjecture 1.
τ * -covers are a variation of τ -covers which is easier to work with. For a cover U = {U n } n∈N of X and an element x ∈ X, write
According to [22] , A cover U of X is a τ * -cover of X if it is large, and for each x ∈ X there exists an infinite subsetx U of x U such that the setsx U , x ∈ X, are linearly quasiordered by ⊆ * (A ⊆ * B means that A \ B is finite). It is easy to see that a large subcover of a τ -cover is a τ -cover as well. As τ -covers are in particular ω-covers, we have that for an ǫ-space X, each τ -cover of X contains a countable τ -cover of X. If U is a countable τ -cover, then by settingx U = x U for each x ∈ X we see that it is a τ * -cover. The converse is not necessarily true. Let T * denote the collection of all countable open τ * -covers of X. Then T ⊆ T * ⊆ Ω. Proof. Assume that U = {U n } n∈N ∈ T * , and letx U , x ∈ X, be witnesses for that. Let V be a countable family of open sets. Assume that V is infinite and disjoint from U, and let {V n } n∈N be a bijective enumeration of V. Enumerate U ∪ V by {W n } n∈N where W n = U n if n is even and W n = V n otherwise. Then the subsets 2x U of x U ∪V , x ∈ X, witness that U ∪ V ∈ T * . The case that V has a finite cardinality k is treated similarly.
To see that T * is finitely thick it remains to verify the first requirement in the definition of finitely thick covers. We will prove something stronger. Assume that U ∈ T * refines a countable cover V, and fix a bijective enumeration U = {U n } n∈N . Letx U , x ∈ X, be as in the definition of τ * -covers. For each n let V n ∈ V be such that U n ⊆ V n . We claim that W = {V n } n∈N ∈ T * . As W is an ω-cover of X, it is infinite; let f be an increasing function from N to N such that {V f (n) } n∈N is a bijective enumeration of W. For each x ∈ X definex W by:
Let n be such that m = f (n). Then n ∈x W \ {n 1 , . . . , n k }. It is easy to see that the setsx W are linearly quasiordered by ⊆ * . This shows that W is a τ * -cover of X. Now, V is an extension of W by at most countably many elements. As T * is countably thick, we have that V ∈ T * as well. The last corollary can be contrasted with Conjecture 1.
Game theory
In this section we give new game theoretic characterizations to most of the properties considered in the previous sections. Although these characterizations are suggested by the results of the earlier sections, their proofs are much more difficult.
Each selection principle has a naturally associated game. In the game G 1 (U, V) ONE chooses in the n-th inning an element U n of U and then TWO responds by choosing U n ∈ U n . They play an inning per natural number. A play (U 0 , U 0 ,
is played similarly, where TWO responds with finite subsets F n ⊆ U n and wins if n∈N F n ∈ V.
Observe that if ONE does not have a winning strategy in G 1 (U, V) (respectively, G f in (U, V)), then S 1 (U, V) (respectively, S f in (U, V)) holds. The converse is not always true; when it is true, the game is a powerful tool for studying the combinatorial properties of U and V -see, e.g., [10] , [2] , and references therein.
It is therefore appealing to try and study the generalized games associated with S 1 ({U n } n∈N , V) and S f in ({U n } n∈N , V).
Definition 5.1. Define the following games between two players, ONE and TWO, which have an inning per natural number. G 1 ({U n } n∈N , V): In the nth inning, ONE chooses an element U n ∈ U n , and TWO responds with an element U n ∈ U n . TWO wins if {U n } n∈N ∈ V; otherwise ONE wins. G f in ({U n } n∈N , V): In the nth inning, ONE chooses an element U n ∈ U n , and TWO responds with a finite subset F n of U n . TWO wins if n∈N F n ∈ V; otherwise ONE wins.
Some terminological conventions will be needed to simplify the proofs of the upcoming results. A strategy F for ONE in a game G 1 ({U n } n∈N , V) can be identified with a tree of covers in the following way. Let U := F (X) be the first move of ONE. Enumerate the elements of U as Similarly, a strategy F for ONE in a game G f in ({U n } n∈N , V) can be identified with a tree covers where the sequences σ are of finite sets of natural numbers rather than natural numbers. Let [N] * denote the collection of all finite sequences of finite sets of natural numbers.
We will say that a collection of covers U is dense in a strategy F for ONE in a game of type G 1 if for each σ ∈ N * there exists η ∈ N * which extends σ, and such that U η ∈ V, that is, {η ∈ N * : U η ∈ V} is dense in N * . Similarly, we say that U is dense in a strategy F for ONE in a game of type
The proof of the following lemma demonstrates the kind of arguments which we will use in our coming proofs.
Lemma 5.2. Assume that V is countably thick, ONE has a winning strategy F in G 1 ({U n } n∈N , V), and U is dense in F . Then ONE has a winning strategy in G 1 (U, V) . The analogue assertion for G f in also holds.
Proof. Fix some well-ordering on the collection N * of all finite sequences of natural numbers, and let {U σ } σ∈N * be the covers tree associated with F . Define a function π : N * → N * as follows:
1. Let π( ) be the first member of N * such that U π( ) ∈ U.
2. For each n let π( n ) ∈ N * be the first extension of π( )ˆ n such that U π( n ) ∈ U. 3. In general, for each σ ∈ N * and each n let π(σˆ n ) be the first extension of π(σ)ˆ n such that U π(σˆ n ) ∈ V.
For each σ ∈ N * defineŨ σ = U π(σ) , and setŨ σˆ n = U π(σ)ˆ n for each n.
LetF be the strategy associated with {Ũ σ } σ∈N * . ThenF is a strategy for ONE in G 1 (U, V). We claim thatF is a winning strategy for ONE in G 1 (U, V). Assume otherwise, and let f ∈ N N be such that the play
against the strategyF is lost by ONE, that is, {U f ↾n } n∈N ∈ V. Define σ 0 = π( ), σ 1 = π( f (0) ), . . . , σ n+1 = π(σ nˆ f (n) ), . . . and take g = n∈N σ n . Then
is a play in the game G 1 ({U n } n∈N , V) according to the strategy F , and {U f ↾n } n∈N is a subsequence of {U g↾n } n∈N . As V is countably thick, we have that {U g↾n } n∈N ∈ V as well, so this game is lost by ONE, a contradiction.
The proof for G f in is similar.
Remark 5.3. For each σ ∈ N * , we can modify the definition of π in the proof of Lemma 5.2 so that π( ) extends σ. Consequently, it is enough to assume that {η : U η ∈ U} is dense below σ (with respect to the order of reverse inclusion) for some σ ∈ N * . In other words, if ONE does not have a winning strategy in G 1 (U, V) but has a winning strategy in G 1 ({U n } n∈N , V), then {η : U η ∈ U} is nowhere dense in N * .
We are now ready to prove the promised equivalences. Proof. The equivalence 1 ⇔ 2 is established in Theorem 12 of [10] . It is clear that 3 ⇒ 2 and 4 ⇒ 2. 1 ⇒ 3: This is proved like the proof of 1 ⇒ 2, (see Theorem 12 of [10] ), as Λ is closed under removing a finite subset.
3 ⇒ 4: Assume that ONE has a winning strategy F in the game G f in ({O n } n∈N , Λ gp ). There are two cases to consider: Case 1: Λ is dense in F . By Lemma 5.2, ONE has a winning strategy in the game G f in (Λ, Λ gp ). Case 2: Λ is not dense in F . Let {U σ } σ∈[N] * be the covers tree associated with F , and choose σ ∈ [N] * such that for all η extending σ,Ũ η is not large. Modify F so that its first move isŨ η (that is, the strategy determined by the subtree {σ : η ⊆ σ} of [N] * ). This is still a winning strategy for ONE (otherwise TWO can begin with a sequence of moves which will force ONE intoŨ η and then defeat him). We may therefore assume that no element in the strategy F is large.
Lemma 5.5. Every n+1 cover of a space X which is not large contains a finite n-cover of X.
Proof. Assume that U is an n + 1-cover of X which is not large. Then there exists x ∈ X such that the set F = {U ∈ U : x ∈ U} is finite. Now, as U is an n + 1-cover of X, for each n-element subset F of X there exists U ∈ U such that F ∪ {x} ⊆ U, and therefore U ∈ F and F ⊆ U.
We may therefore modify the strategy F (by thinning out its covers) so that all covers in this strategy are finite. As this only restricts the possible moves of TWO, this is still a winning strategy for ONE in the game G f in ({O n } n∈N , Λ gp ).
In particular no cover in the strategy F is an ω-cover of X.
Lemma 5.6. Assume that {U n } n∈N is a sequence of n-covers of X which are not ω-covers of X. Then there exists an increasing sequence {k n } n∈N and pairwise disjoint subsetsŨ kn of U kn such that eachŨ kn is an n-cover of X.
Proof. For each n let F n be a finite subset of X witnessing that U n is not an ω-cover of X. Observe that if U is a k + l-cover of X and F is a k-element subset of X. Then {U ∈ U : F ⊆ U} is an l-cover of X.
ThenŨ kn is an n-cover of X,Ũ kn ⊆ U kn , andŨ kn ∩Ũ k i = ∅ for all i < n.
Thus, by the methods of Lemma 5.2, we may refine the strategy F so that all its covers are (finite and) disjoint. Again, as the new strategy restricts the moves of TWO, it is still a winning strategy in the game G f in ({O n } n∈N , Λ gp ). But in this situation TWO can choose the whole cover in each inning, making its confident way to a victory, a contradiction. Case 2 of 3 ⇒ 4 in the proof of Theorem 5.4 proves the following.
Corollary 5.7. Assume that F is a strategy for ONE in a game G f in ({O n } n∈N , V), and Λ is not dense in F . Then F is not a winning strategy for ONE in the game G f in ({O n } n∈N , Ω gp ).
2. ONE does not have a winning strategy in G f in (Ω, Λ wgp ), 3. ONE does not have a winning strategy in G f in (Λ, Λ wgp ); and 4. ONE does not have a winning strategy in G f in ({O n } n∈N , Λ wgp ).
Proof. 1 ⇔ 2 is proved in Theorem 13 of [2] .
2 ⇒ 3: Assume 2. Then ONE does not have a winning strategy in the game G f in (Ω, Λ). By Theorem 5.8, ONE does not have a winning strategy in the game G f in (Λ, Λ). According to Lemma 11 of [2] , 1 (which is implied by 2) implies that each large cover of X is weakly groupable, that is, Λ = Λ gp for X. Thus ONE does not have a winning strategy in the game G f in (Λ, Λ wgp ).
2 ⇒ 4 is proved similarly.
We now turn to G 1 -games. To deal with these, we need some more terminology and tools. Assume that F is a strategy for ONE in a G 1 -game. The ω-strategy F ω associated to F is the strategy defined as follows. Let {U σ } σ∈N * be the covers tree associated to F . Fix a bijection φ : N → N * . For each σ ∈ N * of length k let φ(σ) = φ(σ(0))ˆφ(σ(1))ˆ. . .ˆφ(σ(k − 1)).
For each n defineÛ n = ∪{U η↾1 , U η↾2 . . . , U η } where η = φ(n), and setÛ = {Û n } n∈N . In general, for each σ ∈ N * and each n de-fineÛ σˆ n = ∪{U φ(σ)ˆη↾1 , U φ(σ)ˆη↾2 . . . , U φ(σ)ˆη } where η = φ(n), and set U σ = {Û σˆ n } n∈N .
As we have required that X is not a member of any cover we consider, F ω need not be a strategy for ONE. We will say that X is ω-dense in F if the set {σ :Û σ = X} is dense in N * . Lemma 5.10. Assume that for each σ, U σ is disjoint from its past {U σ↾1 , U σ↾2 , . . . , U σ }. If X is ω-dense in F , then there exists a game according to this strategy where the moves of TWO constitute a groupable large cover of X.
Proof. In the covers tree of F there exists a path with infinitely many disjoint intervals which constitute a finite cover of X.
Lemma 5.11. Fix V ∈ {Λ, Λ wgp , Λ gp }. Assume that F is a strategy for ONE in G 1 ({U n } n∈N , V) such that X is not ω-dense in F , and for each σ, U σ is disjoint from its past {U σ↾1 , U σ↾2 , . . . , U σ }. If F ω is not a winning strategy for ONE in the game G 1 (Ω, V), then F is not a winning strategy for ONE in the game G 1 ({U n } n∈N , V).
Proof. Any move of TWO in F ω can be translated to a finite sequence of moves for TWO in F , replacing eachÛ σˆn chosen by TWO with the elements U φ(σ)ˆη↾1 , U φ(σ)ˆη↾2 . . . , U φ(σ)ˆη where η = φ(n). It is easy to see, by disjointness from the past, that this disassemblying preserves being a member of V for V ∈ {Λ, Λ wgp , Λ gp }.
For shortness, we give the characterizations for the Rothberger, Gerlits-Nagy ( * ), and S 1 (Ω, Λ wgp ) properties simultaneously.
For a space X, the following are equivalent.
1. X satisfies S 1 (Ω, V), 2. ONE does not have a winning strategy in G 1 (Ω, V), 3. ONE does not have a winning strategy in G 1 (Λ, V); and 4. ONE does not have a winning strategy in G 1 ({O n } n∈N , V).
Proof. In Theorem 3 of [18] it is proved that 1 ⇔ 3 for V = Λ. In Theorem 12 of [10] it is proved that 1 ⇔ 2 for V = Λ gp , and in Theorem 15 of [2] this is proved for V = Λ wgp . 2 ⇒ 3: Assume that F is a winning strategy for ONE in G 1 (Λ, V). Modify the covers tree by removing from each U σ its past {U σ↾1 , U σ↾2 , . . . , U σ }. Then F is still a winning strategy for ONE. By Lemma 5.10, X is not ω-dense in F , and by Lemma 5.11 we get that F ω is a winning strategy for ONE in G 1 (Ω, V).
2 ⇒ 4: Assume that F is a winning strategy for ONE in G 1 ({O n } n∈N , V). If Ω is dense in F then by Lemma 5.2 ONE has a winning strategy in G 1 (Ω, V). Otherwise, by Lemma 5.6 we may assume that the covers in each branch of the strategy F are disjoint. By Lemma 5.10, X is not ω-dense in F , and by Lemma 5.11 we get that F ω is a winning strategy for ONE in G 1 (Ω, V).
Remark 5.13. The characterizations of Rothberger's property using O instead of Λ are much more simple to deal with: Pawlikowski [13] proved that Rothberger's property S 1 (O, O) is equivalent to ONE not having a winning strategy in G 1 (O, O). As S 1 (O, O) = S 1 (Ω, O), we get that Rothberger's property is equivalent to ONE not having a winning strategy in G 1 ({O n } n∈N , O).
We now treat the remaining G 1 -games. For V ∈ {Ω, Ω wgp , Ω gp }, the properties S f in (Λ, V) are trivial (see Section 6 below). Thus we cannot hope to have an equivalent item "ONE does not have a winning strategy in G 1 (Λ, V)" in the theorems dealing with these covers. Fortunately, there exists an elegant technique to deal with these cases without appealing to Λ.
Lemma 5.14. Assume that V is countably thick. For a space X, the following are equivalent.
1. ONE does not have a winning strategy in G 1 (Ω, V), 2. ONE does not have a winning strategy in G 1 ({O n } n∈N , V).
Proof. We prove that 1 ⇒ 2. Assume F is a strategy for ONE in G 1 ({O n } n∈N , V) whose covers tree is {U σ } σ∈N * . Define a strategyF for ONE in G 1 (Ω, V) as follows: The first move of ONE isŨ = σ∈N * U σ . If TWO chooses U σ , then ONE responds with
etc. Now, a game lost by ONE according to the strategyF can be completed (by choosing the moves of TWO appropriately) to a game lost by ONE according to F in G 1 ({O n } n∈N , V). As V is countably thick, this shows that F is not a winning strategy. We do not know whether analogue game theoretic characterizations can be given to the remaining few properties. The most interesting problem seems to be the following.
Problem 5. 16 . Is it true that X is a strong γ-set if, and only if, ONE has no winning strategy in the game G 1 ({O n } n∈N , Γ)?
Too strong properties
In [9] we are told that any space X satisfying S f in (O, Λ) or S f in (Λ, Ω) is trivial. We extend these claims to S f in (Λ, O 2 ), S f in (O n , O n+1 ), and S f in (O n , Λ) (for each fixed n ∈ N), and see in what sense spaces having these properties are trivial. This will be needed in the next section.
For collections of covers of X U and V, we say that X satisfies U V if each element of U contains an element of V [22] . Clearly S f in (U, V) implies U V . For trivial reasons, a space X of size less than 2 satisfies O O 2 . Lemma 6.1. Assume that X is a T 1 space of size at least 2. Then X does not satisfy O O 2 .
Proof. Choose two distinct x, y ∈ X, and let
As X is T 1 , U is an open cover of X. But U is not a 2-cover of X.
As large covers are infinite, any finite space X satisfies Λ O 2 . Theorem 6.2. Assume that X is an infinite T 1 space. Then X does not satisfy Λ O 2 . Proof. We begin by ruling out the case that X contains no isolated points. Lemma 6.3. Assume that X is a nonempty T 1 space satisfying Λ O 2 . Then X must have isolated points.
Proof. Assume X contains no isolated points and is nonempty. Then X is infinite. We will show that X satisfies O O 2 , in contradiction to Lemma 6.1. Assume that U is an open cover of X. For each x ∈ X choose U ∈ U such that x ∈ U and set
As x is not isolated and X is T 1 , each U x,U is infinite. Thus, the union V of all these sets is a large cover of X. Then V is a 2-cover. Thus, {U ∈ U : (∃V ∈ V) V ⊆ U} is a 2-cover of X. Lemma 6.4. Assume that X is an infinite T 1 space satisfying Λ O 2 . Then X is not discrete.
Proof. Assume that X is discrete, and fix an infinite proper subset I of X. Then U = {{x, y} : x ∈ X, y ∈ I} is a large open cover of X. But for each distinct x 1 , x 2 ∈ I, {x 1 , x 2 } is not contained in any member of U.
So assume, towards a contradiction, that X is an infinite T 1 space satisfying Λ O 2 . Let Y = X \ X ′ . By Lemma 6.4 X ′ is not empty and consequently it is infinite. We will prove that X ′ satisfies Λ O 2 . Assume that U is a large open cover of X ′ and for each U ∈ U choose an open subsetŨ of X such that U =Ũ ∩ X ′ . Then {Ũ ∪ {y} : U ∈ U, y ∈ Y } is a large open cover of X and therefore a 2-cover of X. As X ′ ∩ Y = ∅, we have that U is a 2-cover of X ′ . This contradicts Lemma 6.3.
As we require that for each cover U X ∈ U, we have that if |X| ≤ n then X satisfies On O n+1 as well as On Λ . Theorem 6.5. Assume that X is a T 1 space of size greater than n. Then X does not satisfy On Λ∪O n+1 . Proof. Fix distinct elements x 1 , . . . , x n+1 ∈ X. As X is T 1 , U = {X \ {x 1 }, . . . , X \ {x n+1 }} is an open n-cover of X. But the n + 1-element set {x 1 , . . . , x n+1 } is not contained in any element of U. As U is a finite cover, it does not contain a large cover either.
We will say that a space is nontrivial if it is infinite and T 1 .
Iliadis' question
In the Lecce Workshop on Coverings, Selections and Games in Topology (June 2002), Stavros Iliadis asked whether we get new properties if we consider the generalized selection principles of the form S 1 ({U n } n∈N , V) and S f in ({U n } n∈N , V). Our first reaction was that no new properties are introduced by this generalization, as we can in most cases focus our attention to a subsequence of the given sequence of covers where the covers with stronger properties appear. However we soon realized that the strong γ-property S 1 ({O n } n∈N , Γ) is a counter-example to our intuition. This was the motivation for our checking the remaining cases with {O n } n∈N in the first coordinate (Sections 2-4). Indeed it turned out that the strong γ-property is the only new property introduced in this manner.
To cover Iliadis' question completely, we need to check the more general case where the first coordinate is any sequence of elements from the set C = {O, Λ, Ω, T * , T, Γ} ∪ {O n : n ∈ N}.
We will treat most of the cases. Proof. We will use the following easy fact. Assume that U kn ∈ U kn . For each m ∈ {k n } n∈N choose any U m ∈ Γ.
Apply S 1 ({U n } n∈N , Γ) to the sequence {U n } n∈N to obtain elements U n ∈ U n such that {U n } n∈N is a γ-cover of X. Then {U kn } n∈N is a γ-cover of X, and for each n, U kn ∈ U kn .
The proof for S f in is similar.
under removing a finite subset, {V n } n≥m ∈ V and for each n ≥ m, V n ∈ U n−m .
(2) Let {k n } n∈N be an increasing enumeration of {n : U n = U}, and let {U n } n∈N be such that U n ∈ U n for all n. Apply S 1 (U, V) to U kn to obtain elements U kn ∈ U kn such that {U kn } n∈N is a member of V. From the remaining covers U n choose any element U n . As V is countably thick, {U kn } n∈N is a member of V as well.
(3) is similar.
The collections Λ, Ω, T * and T are all countably thick and closed under removing a finite subset. Thus, if V is any of these, then we get S 1 ({U n } n∈N , V) = S 1 (U, V) in Lemma 7.4. Corollary 7.5. Assume that {U n } n∈N is a sequence of elements of C, and V ∈ {Λ, Ω}. Then:
